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w A numer i ca l  solut ion of the p r o b l e m  of s teady supersonic  flow over  sha rp -edged  wings with 
s h o c k  wave at tached to the leading edge was cons idered  in [1]. However,  the r e su l t s  p re sen ted  the re  r e f e r  to 
wings with a f iat  upper  su r face .  The p re sen t  p a p e r  gives  some  resu l t s  of calculat ions fo r  wings with curved 
upper  and lower  s u r f a c e s .  

The method,  the codes ,  and the com pu t e r  solution for  the p rob l em a r e  the s a m e  as in [1-3]. As was 
done in these  r e f e r e n c e s ,  the p r o b l e m  was cons idered  in a rec tangu la r  coordinate  s y s e m  x, y, z with the 
or ig in  at the leading edge of the wing. The plane z =0 is a plane of s y m m e t r y  for  the wing, and a lso  for  the 
ent i re  flow, s ince slip is excluded in o rde r  to shor ten  the calcula t ions .  The wing su r face  is given by the 
function y =G(x, z) and the boundary of the flow region pe r tu rbed  by the wing is de te rmined  by the des i red  
function y = F(x, z).  

The p r o b l e m s  for  the upper  and lower  su r faces  of the wing a re  cons idered  separa te ly ,  because  the 
boundary of the pe r tu rbed  region r e s t s  on the wing leading edge. The gasdynamic  functions in the per tu rbed  
region a r e  de te rmined  f rom the boundary p rob l em for  the s y s t e m  of different ial  equations in pa r t i a l  de r i v a -  
t ives  (the equations of momen tum,  continuity,  and energy) governing the flow of an inviscid gas .  Since the 
pro jec ted  components  of the sound veloci ty  on the x axis  a r e  a s sumed  to be l a r g e r  than the local sound veloc-  
ity, the s y s t e m  is hyperbol ic  in x. 

in o rde r  to obtain the initial data for  the p r o b l e m  the flow ove r  the wing leading edge is calculated on 
the a s sumpt ion  that  the wing has a conical  su r face  and it makes  contact wi th the  remain ing  wing sur face  in the 
initial plane x = x  0 without discontinuity in the f i r s t  der iva t ive .  A conical  flow of this kind is de te rmined  by a 
t ime-dependen t  method in t e r m s  of s i m i l a r i t y  of the coordinate  x. 

The boundary conditions a r e  se t  up at  the wing leading edge and at the boundary of the flow region per~ 
turbed by the wing. On the lower  wing sur face  the boundary of the pe r tu rbed  region co r r e sponds  to the shock 
wave and on the upper  su r face  it c o r r e s p o n d s  to the shock wave or  to the cha r ac t e r i s t i c  sur face .  

At the leading edge an asympto t ic  approx imat ion  to the solution is used, of which the ma in  t e r m  cor re~  
sponds to flow o v e r  a wedge washed by a h igh - speed f low normal  to the leading edge at this point.  The a s -  
ymptot ic  solution dif fers  for  the upper  and lower  pa r t s  of the wedge. As a rule,  the flow undergoes c o m p r e s -  
s ion below the wing and expansion above the wedge. In this work we used a joint solution a lgor i thm f o r  both 
p a r t s  of the wing, where  the type of boundary conditions at the leading edge cor responded  to local values of 
the approach  angle of the external  flow veloci ty  to the wing su r face .  

The de te rmina t ion  of the conditions at the outer  boundary can be br ie f ly  explained as  follows. F i r s t ,  
conditions a r e  se t  up fo r  the shock wave.  If the d i f ference  between the gas  p r e s s u r e s  ahead of and behind 
the shock wave is l a r g e r  than some  value r then they a r e  cons idered  to have been set  up c o r r e c t l y ,  ff this  
d i f ference  is l e s s  than r then at the g iven sec t ion  Of the per tu rba t ion  region the shock wave is r egarded  as 
having degenera ted  into a c h a r a c t e r i s t i c  su r face ,  which allows the boundary conditions to be s implif ied.  

The p rob l em  was solved numer ica l ly  to s e c o n d - o r d e r  accu racy  [2, 3] in the regions x =x 0 +mix,  with 
succes s ive  t r ans i t ion  f rom one region where  the solution has a l r eady  been found to the adjoining region 
x = x  0 + ( n + l ) A x .  

For  convenience  in const ruct ing the a lgor i thm the solution region is normal ized  by introducing the 
aux i l i a ry  va r iab les  

t = x; ~ = ( y - - G ) / ( F - - G ) ;  0 =z/H(t) ;  O ~  ~ 1 ;  0 ~ 0 ~ t ~  

where  ~ = 0 is  the wing sur face ;  ~ = 1 is the boundary of the flow region per tu rbed  by the wing; and H is the z 
coordinate  of the wing leading edge. 
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The mesh  in the solution plane has 189 computational points. It is formed f rom 21 rays with z =const ,  
each having 9 points.  The computational step size between the rays is A0=0.05,  and between the nodes it is 

A t =0.125. 

The upper and lower wing sur faces  a re  given by the equation 

g = G(t, 0) = 4c(l --  Ol+b)tl+a[l --  t - -  (t -- 01+e)~(t)], 

where 

t0 . { ' - ' o  1 '+d 
a = ~ _ t o ,  t l ( t ) : F O t l _ _ - ~ o _ t d  �9 

The quantity t 0, which determines  the length of the con ica lnose ,  was taken to be 0.05, and the coefficients 
b, e, and d were  0.5, 0.25, and 0.25, respect ively .  The quanti tyc determines  the curvature  of the wing su r -  
face.  For  example, for  a t r iangular  wing with a = 0 the maximum value of the relat ive curvature  in the plane 
of s y m m e t r y  is c. In the examples considered below the values of the coefficients for the upper and lower 

sur faces  a re  c u and c I . 

It is assumed that the wing leading and trai l ing edges lie in the plane y =0. The leading edge is given 
by the equation 0 = 1  and the t ra i l ing edge by the equation 1 - t  - (1 - 01~e)p(t)=0. Here the previously men-  
tioned coefficient #0 determines  the sweepback of the t ra i l ing edge. For  P0 =0 we obtain a wing which has a 
t r iangular  planform; for  #~0 �9 0 it is swept back and for #~0 < 0 it is rhombic.  

For  the calculat ion we chose values of #0 for  which the t ra i l ing edge is supersonic and does not affect 
the flow within the wing. Since the flow over  each wing surface is calculated independently, these surfaces  
a re  continued beyond the t ra i l ing edge without disturbing the smoothness,  and the p resence  of the t rai l ing edge 
is not taken into account during the computation. However, the computational resul ts  a re  chosen only f rom 
the region lying within the wing contour.  Data for  the t rai l ing edge can be obtained by interpolating the func- 
t ions between the rays  located before and af ter  the t rai l ing edge. 

A special  feature of the s u r f a c e  of the wing considered in this paper  is a decrease  in the relat ive thick- 
ness of the sect ions at the i r  ends. This surface  shape was chosen in o rde r  to demonst ra te  the possibi l i ty of 
obtaining flow with a continuous t rans i t ion  f rom a compress ion  region to an expansion region, in the a rea  of 
the leading edge of the top surface.  

In the calculat ions we used dimensionless  values of the gasdynamic functions. The p r e s s u r e  and the 
density were  re fe renced  to the i r  values in the oncoming s t r eam and the velocity vec tor  to the quantity 
~ .  The l inear  dimensions were  referenced to the wing root chord.  
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w Calculations of th ree-d imens ional  flows by a f ini te-difference method give a grea t  deal of infor-  
mation on the fields of the gasdynamic functions in the flow region per turbed by the wing, but here we p re -  
sent only some of the typical resul ts .  

Figures  1-5 show the p r e s s u r e  distributions at Moo =3.0, for the t r ansve r se  sections x =consL over  the 
wing sur face  (solid lines) and at the boundary of the per turbed region (dashed line), which may be the shock 
wave or  the charac te r i s t i c  ~urface. The figures also show the wing contours in plan view and the contours 
of the t r a n s v e r s e  sections of the wings. The d o t - d a s h  lines show the positions o f thepe r tu rbed - reg ion  bound- 
a r ies  and a c ross  indicates t rans i t ion  of a shock wave into a charac te r i s t i c .  

The curves  in Fig. 1 re fer  to the lower surface of a t r iangular  wing (~= 5 ~ ~(= 45", c l =0.04, P0 = 0); the 
curves  in Figs.  2 and 3 re fe r  to the upper surface of a t r iangular  wing (~=5 and 8 ~ ;( =45 ~ Cu=0.05, p0=0); 
and the  curves  in Figs.  4 and 5 r e fe r  to the upper surface of swept-back and rhombic wings (~= 5 ~ ~/=45 ~ 
e u = 0.05, P0 = 0.25). 

For  all the wings the p r e s s u r e  distr ibution curves  in the t r ansve r se  section, for  both the lower and the 
upper wing surfaces ,  show that the least  p r e s s u r e  occurs  in the leading-edge section, located immediately 
behind the conical nose. This is due to the shape of the wing surface,  for  which the smal les t  slope lies just 
behind the conical nose. 

For  all the wings the curves  of p r e s s u r e  distr ibution behind the shock wave a re  charac te r ized  by the 
fact that there  is a region of p r e s s u r e  drop at the wing leading edge. This increases  with increasing distance 
f rom the wing nose. It is associa ted with the p resence  of a knee in the shape of the shock wave section, e.g., 
for  the lower  wing surface  it can be c lear ly  seen at x =0.75 and 1.0 (see Fig. 1). This is apparently due to the 
fact  that the relat ive thickness of the wing reduces strongly at its ends. 

While there  is always a flow expansion and the nature of the flow is determined only by the angle of 
at tack for wings of flat plate type (above the upper surface),  at a nonzero angle of at tack the nature of the 
flow for contouredwings is de terminednot  oulyby the angle of attack, but also by the local slope of the plane 
tangent to the wing sur face .  Therefore ,  at a given angle of attack, depending on the shape of the profile,  above 
the upper sur face  there  may be ei ther  compress ion  flow or expansion flow, or  there  may be both, with a con-  
tinuous t rans i t ion  f rom a compress ion  region to an expansion region. 

This is conf i rmed by Figs. 2-5, where the slope of the surface tangent to the curve F = F(x, z) is com-  
pared with the slope tangent to the sect ion of the charac te r i s t i c  surface at x=0.75 and 1.0, for flow over  the 
upper surfaces  of different wings. The compar i son  showed that there  is little difference.  The curves  p = 
p(0.75, z) and p(1, z) for  } =1 also show that for z > 0.7 the shock wave is a lmost  no different f rom the cha r -  
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a c t e r i s t i c  su r f ace ,  except  fo r  the fact  that  a t  the  wing leading edge the re  is  a d i f f e r e nc e  in p r e s s u r e  on the 
body and in the  wave,  and t h e r e f o r e  t h e r e  is  a flow expans ion  reg ion  at  the  end of the wing. 

The knee point  in the  shock wave contour  at  x=  0.75 and 1.0 a l so  occur s  fo r  the  upper  su r f ace ,  s ince  
the p r e s s u r e  d i s t r i bu t ion  fo r  it  is  the  s ame  as  for  the lower  su r f ace .  

A c o m p a r i s o n  of the computed data  for  flow ove r  a t r i a n g u l a r  wing at  ~ = 5  and 8 ~ (see F igs .  2 and 3) 
shows us how the gasdyuamic  functions va ry  with angle  of a t t ack .  No o ther  p e c u l i a r i t i e s  in the  d i s t r ibu t ion  
of the functions were  obse rved  fo r  a change of angle  of a t tack .  The re  is  a na tura l  ge ne r a l  i n c r e a s e  in p r e s -  
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s u r e  on the  l o w e r  s u r f a c e  of t he  wing and a d e c r e a s e  on the  u p p e r  s u r f a c e .  The  "decay"  of t he  shock  wave  
into a c h a r a c t e r i s t i c  s u r f a c e  a b o v e  the  u p p e r  s u r f a c e  of the  wing f o r  a = 8  ~ o c c u r s  a t  z ~0 .5 ,  which  i s  s o m e -  
what  l e s s  t han  the  va lue  of z fo r  a = 5 ~ 

C a l c u l a t i o n s  of t he  f low o v e r  a t r i a n g u l a r  wing wi th  the  s a m e  s u r f a c e  s h a p e  but  wi th  a d i f f e r e n t  s w e e p -  
b a c k  a n g l e  • = 60 ~ and a d i f f e r e n t  M a c h  n u m b e r  1V~=4.0 a l s o  showed tha t  the  a b o v e - m e n t i o n e d  f e a t u r e s  in the  
p r e s s u r e  d i s t r i b u t i o n  and s h o c k - w a v e  s h a p e  w e r e  a l s o  found a t  t h i s  f low cond i t i on .  

F i g u r e s  6-8  show the  d i s t r i b u t i o n  of p r e s s u r e  d i f f e r e n c e  Ap =Pl --Pu o v e r  t r i a n g u l a r  wings  wi th  l e a d -  
ing edge  s w e e p b a c k  of ~ =45" a t  a n g l e  of a t t a c k  ~ = 8  ~ and Moo =3 .0 .  The  so l id  c u r v e s  in  F ig .  6 c o r r e s p o n d  
to a wing wi th  a c o n i c a l  s u r f a c e  (Cu = 0.05, ~l =0 .03) ,  and the  d a s h e d  c u r v e  shows  the  p r e s s u r e  d i s t r i b u t i o n  
of Ap fo r  a t r i a n g u l a r  p l a t e  wi th  t he  s a m e  s w e e p b a c k  at  x = 1 (c u =e  I = 0). F i g u r e  7 shows  the p r e s s u r e  d i f f e r -  
ence  o v e r  a wing of b i c o n v e x  p r o f i l e  (c u = 0.05, e l = 0.03), and F ig .  8 shows  the  d i s t r i b u t i o n  o v e r  a wing with  
a p l a n o c o n v e x  p r o f i l e  (Cu = 0.05, ~l = 0). The  da ta  f o r  the  f ia t  s u r f a c e  of t h i s  wing and fo r  the  t r i a n g u l a r  p l a t e  
a r e  t a k e n  f r o m  [1]. 

F i g u r e s  6-8  a l s o  show the  p r e s s u r e  d i f f e r e n c e  a long  the  c h o r d  z = 0.5. It c a n  be s e e n  tha t  t he  load ing  
d i s t r i b u t i o n s  a r e  s i m i l a r  f o r  the  c o n i c a l  wing  and the  b i c o n v e x  wing,  but  i t  is  d i f f e r e n t  fo r  t he  p l a n o c o n v e x  
wing.  At  z = 0.5 the  l oad ing  d e c r e a s e s  w i th  i n c r e a s e  in x fo r  the  b i e o n v e x w i n g ,  w h i l e  i t  i n c r e a s  es  fo r  the  p i a n o -  
c o n v e x  wing.  Th i s  r e s u l t  cannot  be  e x p l a i n e d ,  e v ide n t l y ,  by the  ef fec t  of c u r v a t u r e  of the  m e a n  s u r f a c e  a lone .  
F o r  e x a m p l e ,  a wing wi th  a p l a n o c o n v e x  p r o f i l e  c u = 0.02, Cl = 0 at  a > 0 wi l l  have  the  d e r i v a t i v e  d ~ p / d x  > 0 in  
t he  p l a n e  of s y m m e t r y ,  whi l e  t he  wing c o n s i d e r e d  above  with  a b i c o n v e x  p r o f i l e  and the  s a m e  c u r v a t u r e  of i t s  
m e a n  s u r f a c e  has  d A p / d x <  0. 

Hence ,  it  f o l l ows  tha t  c o n c l u s i o n s  r e g a r d i n g  the  a e r o d y n a m i c  p r o p e r t i e s  of t r i a n g u l a r  wings  in  a supe r~  
son ic  f low wi th  a s h o c k  wave  a t t a c h e d  to  t he  l e a d i n g  edge ,  b a s e d  only on the  n a t u r e  of the  change  of the  m e a n  
s u r f a c e ,  m a y  be  in  e r r o r .  It is  n e c e s s a r y  to  t a k e  into accoun t  the  n a t u r e  of the  v a r i a t i o n  of the  top s u r f a c e  
and e s p e c i a l l y  the  l o w e r  s u r f a c e  of t he  wing.  

Dur ing  c o m p u t a t i o n  of t he  f low o v e r  the  two wing s u r f a c e s  the  a e r o d y n a m i c  c o e f f i c i e n t s  Ct, Cn, and m z 
w e r e  a l s o  e v a l u a t e d .  The  c o e f f i c i e n t s  C t and C n w e r e  c a l c u l a t e d  in a w i n g - f i x e d  c o o r d i n a t e  s y s t e m .  The  c o -  
e f f i c i en t  m z was  c o m p u t e d  r e l a t i v e  to  t he  wing apex  and r e f e r e n c e d  to  i t s  r o o t  c h o r d .  The  c o e f f i c i e n t s  C n 
and m z w e r e  c a l c u l a t e d  fo r  t h e  two s u r f a c e s ,  on the  a s s u m p t i o n  tha t  the  p r e s s u r e  is  z e r o  on the  o t h e r  s i d e .  
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Lower s u r f a c e  

o,o5 I0,05 I0,05 10,04 0,04 0,04 
0,0068 [0,006910,0060 / 0,0058 0,0067 0,0057 

IIR 0,2387 0,2374 0,2354 
0,i450 0,t655 0,1194 

Upper surface 

0,05 10,05 10,05 10,05 0,05 0,05 
0,0068[0,006910,0060 [ 0,0048 0,0054 0,0044 
I 1 i i 0,ti38 0,tt26 0,1133 " ' ' 

0,0656 0,0745 0,0547 

Complete wing 

o,o o  

III 
0,t249 0,1248 0,122t 
0,t24 0,127 0,123 
0,0794 0,0910 0,0647 
0,615 0,74 0,50 
0,67 0,78 0,55 

0,03 
0,0039 
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0,0000 
0,2305 
0,t535 

0,05 
0,0048 
0, i i38 
0,0656 

0,0048 
0,ii67 

0,0879 
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The ae rodynamic  coeff ic ients  C t and C n in the body-f ixed coordinate  s y s t e m  can  be reca lcu la ted  as co-  
eff icients  C x and Cy in the veloci ty  coordinate  sys t em,  as  is known, using the fo rmulas  

C= ~- Cns incc4-Ct  cosa,  C~ ~ C~ c o s ~ - - C  t s i n ~ ,  

but the coeff icient  m z r e m a i n s  unchanged. 

Table  1 shows values of the coeff ic ients  C t, Ca, and m z both for  the s epa ra t e  wing su r f aces  and as a 
total  fo r  the ent i re  wing. The coeff icient  C t for  the total  wing was obtained by adding the coeff icients  fo r  the 
upper  and lower  wing su r f aces ,  while the  coeff icients  C n and m z were  obtained f r o m  the di f ference  in the co-  
eff icients  fo r  the upper  and lower  wing s u r f a c e s .  

The las t  column of Table  1 shows the locat ion of the ae rodynamic  focus with r e spec t  to angle of a t tack,  
i .e. ,  the point of appl ica t ion of the inc rement  of wing lift fo rce  during a smal l  change of angle of a t tack.  Since 
the prof i le  of the wings cons idered  is a s y m m e t r i c a l ,  the focus does not coincide with the cen te r  of p r e s s u r e ,  
which is the point of appl ica t ion of the total  lift  fo rce .  To de te rmine  the posi t ion of the focus supp lementa ry  
calculat ions were  made  of flow over  a wing at (~ • 0.5 ~ The focus was de te rmined  re la t ive  to the wing nose 
as a f rac t ion  of the root  chord.  

For  the p a r a m e t e r s  Moo =3.0, ~ = 5  ~ and ~ =45", Table  1 shows the values of C n and the focus xf of flat  
wings of the s a m e  p lan fo rm as the curved  wing. These  data we re  obtained f rom r e f e r e n c e  [1], and a r e  pr inted 
below the cor responding  values of the coeff icients  C n and xf of the curved wing. 

To ve r i fy  the calcula t ions  we c o m p a r e d  values  of the Bernoull i  in tegra l  in the incident s t r e a m  with its 
values  in regions  pe r tu rbed  by the p re sence  of the wing. The di f ference  in these  values  did not exceed 1% for  
individual cases  and was main ly  l ess  than this .  

More  comple te  resu l t s  of the calculat ions for  the upper  and lower  halves  of the flow a r e  given in [4], 
which tabula tes  the pos i t ion  of the pe r tu rbed  region boundary,  the veloci ty  components ,  the p r e s s u r e ,  and the 
densi ty at 55 points  in 4 c r o s s  sec t ions  for  a t r i angu la r  and a swep t -backwing .  For  the rhombic  wing tables  
a r e  given fo r  5 c r o s s  sec t ions .  

1. 

2. 

3. 

4. 
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